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We phenomenologically investigate a possible mechanism of the banding of angular velocity in a current-
driven vortex lattice in type-II superconductors. It is shown that the plastic motion occurs above some critical
value of the applied current, resulting in a splitting in the vortex lattice. The present model can qualitatively
reproduce major features of the experimental results reported by Lopez et al. �Phys. Rev. Lett. 82, 1277
�1999��.
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I. INTRODUCTION

In the last two decades vortex matter in type-II supercon-
ductors has attracted considerable attention from both funda-
mental and technological viewpoints. Even in equilibrium
we can see various interesting properties of vortex phases.
That is, depending on the values of the magnetic field, tem-
perature, and strength of the quenched disorder, the vortices
can form liquid, solid, and glassy phases, similar to ordinary
condensed matters.1,2 Because the electric resistivity is one
of the most important physical properties of superconduct-
ors, understanding current-driven vortices is of great impor-
tance and the nonequilibrium dynamics of vortices is a re-
search area which has grown rapidly.

Lopez et al. previously reported interesting experimental
results of current-driven vortex dynamics in high-Tc super-
conductors YBa2Cu3O7−� in a solid phase near the first-order
melting temperature.3,4 The sample geometry used in their
experiments is the so-called Corbino disk �Fig. 1�, which can
provide radially an inhomogeneous driving force. A mag-
netic field B0 parallel to the disk axis is applied, and a current
I is injected at the center of the disk and is ejected at the
outer boundary, which gives rise to an inhomogeneous radial
current density

J�r� =
I

2� � r
, �1�

where r is the distance from the disk center and � is the
thickness of the disk. This radial current density creates the
azimuthal Lorentz force

fL = B0J�r��̂ , �2�

where �̂ is the unit vector in the azimuthal direction. The
Lorentz force fL acts as an external driving force on the
vortices.

In a solid phase, the dynamics of the displacement field u
of the vortex solids is described by the equation of motion
�see Ref. 5 for example�

0 = − �v + � · �J el + fL, �3�

where v=�u /�t and the first term represents the effective
friction force density, so-called Bardeen-Stephen friction
force.6 The second term is the elastic force density due to the

interaction among vortices, and the last term is the Lorentz
force. Here, we neglect the pinning force arising from impu-
rities, assuming a clean system.

In the experiment,3,4 for a relatively low applied current,
the vortex lattice moves coherently over the whole system,
resulting in the velocity profile �r. It can be well described
within the framework of the linear elasticity:

� · �J el � c66�
2u , �4�

where c66 is the shear elastic modulus and we make use of
the incompressibility condition � ·u=0 in ordinary systems.
We can solve Eq. �3� by setting u= ��rt+�u��r���̂, where �
is a constant angular velocity and �u� is the deviation from
the mean displacement. Since the vortex lattice moves coher-
ently over the whole system, we should impose the slip
boundary condition �r�

el =0 at r=R1 and R2.7 As a result, we
obtain

�r�
el = −

B0I

4��
�1 −

r2

R1
2 + R2

2 −
R1

2R2
2

r2�R1
2 + R2

2�� , �5�

whose absolute value takes the maximum at r=	R1R2. The
angular velocity � is given by

� =
B0I

� � ��R1
2 + R2

2�
. �6�

In the experiment,3,4 above some critical current Icr the shear
stress becomes strong enough to break rigid rotations, result-

FIG. 1. Schematic illustration of the Corbino disk geometry. A
magnetic field B0 parallel to the disk axis is applied, and a current I
is injected at the center of the disk and is ejected at the outer
boundary. The radii of inner and outer rims are R1 and R2,
respectively.
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ing in the plastic motion of vortices. That is, the sample
breaks into rings, with the inner portion rotating faster than
the outer portion. Motivated by the experiment,3,4 several
researchers have investigated the plastic motion of vortex
solids from theoretical8–10 and numerical viewpoints.11,12

However, because of the considerable difficulty from the
first-principles approach, there is still no reliable nonlinear
theory which can explain the general features of the compli-
cated dynamics of vortex solids. Hence, we believe that a
phenomenological approach is useful at the present stage.

II. PHENOMENOLOGICAL MODEL

Over the years, in many classes of physical systems with
some crystalline orders, the nonlinear dynamical properties
have been investigated by the Frenkel-Kontorova �FK�
model or its extensions.13 The basis of this approach is the
following. First, we extract some relevant degrees of free-
dom from an original complicated nonlinear system �coarse
graining or extracting a low-dimensional subsystem�. Then,
the dynamics is described by an effective periodic potential
which is due to the eliminated degrees of freedom. In spite of
the simplicity of the FK model, we can frequently deduce
many important results for realistic physical problems.13

The slip �sliding� phenomena in various systems have
been also studied by the FK model. Before proceeding fur-
ther, let us mention several related examples. One of the
most important applications of the FK model is the disloca-
tion dynamics in metals. It is well known that a phenomeno-
logical FK-like model can provide a qualitative description
of the slip process, which is the so-called Peierls-Nabarro
model.14,15 In the classical Peierls-Nabarro model, one re-
gards a slip plane as a substrate. A dislocation moves, expe-
riencing a periodic potential energy of displacement with a
period related to the atomic spacing. In soft matter physics,
previously Doi et al.16 successfully explained an anomalous
viscoelastic behavior observed in a hexagonal crystal phase
of block copolymers within the framework of a one-
dimensional �1D� FK model assuming the relative slippage
of macrolattice layers.

In this paper, instead of considering from first principles,
we introduce our simple phenomenological model based on
the following idea reflecting the concept of the FK model.17

�i� In a rotating state the vortices are assumed to move on
concentric circles to reduce excess drag. Moreover, we as-
sume the vortices present local order, constructing a triangu-
lar lattice with the average lattice constant ā�2D /	3, where
D is the layer spacing. In the experimental condition,4 ā
�100 Å, R1�35 �m, and R2�350 �m, so that the number
of vortices in each layer is approximately 104–105. Here, as
shown in Fig. 2, we notice that defects exist inevitably in
order to adjust a triangular lattice into a Corbino disk geom-
etry.

�ii� Above some critical current Icr the shear stress be-
comes strong enough to break rigid rotations, resulting in the
plastic motion of vortices. We now consider the elastic en-
ergy Eel of the shear deformation as follows. Let us suppose
that the vortices of the �n+1�th and nth layers rotate by
angles 	n+1 and 	n on average, respectively. Note that, in this

paper, 	n is considered as a collective variable describing the
nth-layer motion and the mean azimuthal displacement field
of the nth layer is given by un=nD	n. If the nth layer is
regarded as a substrate of the �n+1�th layer, the vortices of
the �n+1�th layer must climb over several potential barriers
produced due to the vortices of the nth layer in the sliding
state. The number of the potential barriers that each vortex
climbs over is roughly estimated as �	n+1−	n� /
	n on aver-
age, where 
	n�2� /Nn� ā /nD is the average azimuthal
angle interval of the adjacent vortices of the nth layer and Nn
is the number of vortices contained in the nth layer. Simi-
larly, the vortices of the nth layer must overcome approxi-
mately �	n+1−	n� /
	n+1 potential barriers in the sliding
state. After the rotation, if the vortices construct a triangular
lattice again, the energetically stable state is recovered. The
situation stated here is outlined in Fig. 3. Thus, for the pur-
pose of this paper, the coarse-graining shear elastic energy
Eel is assumed to be given by the simple form

Eel
	n� = �
n=n1+1

n2−1

Nn � W�1 −
1

2
cos2�

	n+1 − 	n


	n+1
�

−
1

2
cos2�

	n − 	n−1


	n−1
�� , �7�

where �W is the strength of the potential barrier per vortex
assumed to be a phenomenological parameter and the layers
are numbered from n1 to n2.

�iii� The azimuthal elastic force fn
el which acts on the nth

layer is given by −��Eel /�un�=−��Eel /�	n� /nD. From Eq. �7�
we obtain

fn
el =

2�2D � W

ā2 ��n + 1��sin �n+1


	n+1
� + sin�n+1


	n
��

− �n − 1��sin �n


	n
� + sin �n


	n−1
��� , �8�

where �n=2��	n−	n−1�. Therefore, the force balance equa-
tion for the nth layer is

0 = 2�nD2 � − �u̇n +
B0I

2��

1

nD
� + fn

el, �9�

where we make use of the condition that the number of vor-
tices per unit area be approximately 1/ �āD�. When the strain

FIG. 2. Schematic figures of the rotating vortices, where we
assume that they move on concentric circles, constructing a trian-
gular lattice. In �a� we circle the fivefold and sevenfold neighboring
vortices, which must exist in order to adjust a triangular lattice into
a Corbino disk geometry. The vortices rotate from state �a� to �b�.
After the rotation, a likely equivalent state is realized, where the
vortices construct a triangular lattice again.
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rate is small enough, n�	n+1−	n��1, Eq. �9� can be reduced
to the linearized equations �3� and �4� in the continuum limit
nD→r, with W=c66ā

2 /2	3�2.
We have to notice that the above phenomenology is some-

what simplified. Complicated dislocation dynamics should
be taken into account in order to explore detailed dynamic
behaviors, such as shear-induced unbinding of dislocation
pairs,9 dynamics of grain boundaries,11,12 etc. However, it is
difficult to construct a satisfactory model in which the whole
microscopic elementary processes are taken into account. Al-
though our model is regarded as a mean-field-like model, it
reproduces the major features of experimental results shown
below.

III. NUMERICAL RESULTS

We will only present the numerical results obtained by
solving Eq. �9�. A detailed analysis and investigation will be
presented elsewhere.21 First of all, by measuring length and
time in units of D and �D2 /c66, respectively, we rewrite Eq.
�9� with Eq. �8� in the dimensionless form

0 = − n	̇n +


n

+
n + 1

2	3�n

sin�	3��n + 1��n+1� + sin�	3�n�n+1��

−
n − 1

2	3�n

sin�	3�n�n� + sin�	3��n − 1��n�� , �10�

where =B0I /2��c66 is a dimensionless parameter charac-
terizing the strength of the Lorentz force relative to the elas-
tic force. In our numerical simulation we set n1=70 and n2
=700. Furthermore, the slip �stress-free� boundary condition
is used at n=n1 and n2.22 In the linear regime, the absolute
value of the shear stress takes the maximum of 0.401 at n
=221�	70�700 from Eq. �5� and the angular velocity is
4.04�10−6 from Eq. �6�. We numerically solve Eq. �10� by
the Runge-Kutta method.

In Fig. 4, the time-averaged angular velocity ��n�= �	̇n� is
plotted, where �¯� denotes the time average and the average
is taken over the period �106 in the dynamical steady state.
We can see that for low enough applied currents �in the lin-
ear regime� the vortices move coherently. However, above
the critical value cr�0.46 the shear stress becomes strong
enough to break rigid rotations, resulting in the plastic mo-
tion of vortices. That is, in the plastic regime the sample
breaks into rings, with the inner portion rotating faster than
the outer. The detailed behavior of ��n� for several  near cr

is shown in the inset of Fig. 4, where we can see that the
plastic instability occurs near n�221, as is expected from
the linear analysis. Moreover, we notice that the interface
between the faster band and slower band becomes wider as 
increases. This is because the region where the stress reaches
the yield value expands with increasing the applied current.
In the Appendix, we simply estimate the angular velocity,
and the results for =0.625 and 0.875 are shown by the
dotted lines in Fig. 4.

In the experiment,4 to spatially resolve the radial depen-
dence of the angular velocity, the voltage differences were
measured along a radius in the interval of 60 �m with R1
=35 �m and R2=350 �m. The dimensionless form of the
experimentally observed quantity is given by

��i,i+1� = 2 �
j=Ni+1

Ni+1 j�� j�
�Ni+1 − Ni��Ni+1 + Ni + 1�

, �11�

where Ni=70+120i �i=1,2 ,3 ,4�. If the vortex lattice rotates
coherently, ��1,2�= ��2,3�= ��3,4�. In Fig. 5 we plot ��i,i+1� as

FIG. 3. Schematic figures of the relative slippage between the
�n+1�th and nth layers, where the solid circles represent vortices
and � increases in the horizontal direction. The solid and dashed
curves represent potential barriers due to the vortices of the nth and
�n+1�th layers. �a� The system is assumed to be in an energetically
stable configuration, where the vortices form a local order with a
triangular lattice. In this state, though most potential minima trap
only a single vortex, there always exist potential minima trapping
two or more vortices and those trapping no vortex. This can be
found from Fig. 2. �b� During the sliding motion, each vortex of
both layers must overcome several potential barriers. �c� Another
stable state is realized again.

FIG. 4. The time-averaged angular velocities ��n� for various
values of . We can see that above the critical value cr the shear
stress becomes strong enough to break rigid rotations, resulting in
the plastic motion of vortices. The dotted lines represent Eqs.
�A2�–�A4� in the Appendix for = 0.625 and 0.875. The inset
shows more detailed behavior of ��n� for several  near cr.
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functions of , which shows the shear-induced breakdown of
rigid rotation above cr. A similar plot can be seen in Fig. 4
of Ref. 4, and we find that the qualitative behavior of ��i,i+1�
is very consistent with the experimental results.

We evaluate the dimensionless parameter cr from the ex-
perimental condition. In the experiment, ��10 �m, B0
�5 T, and the rigid rotation breaks down at I�10 mA.
Therefore, if we adopt a reasonable value of the shear elastic
modulus c66�103 J /m3,23 the dimensionless parameter cr
can be estimated as cr�1, which is also consistent with that
obtained from our phenomenological model.

It is worthwhile to note the following. �i� The experimen-
tal system has about 50 times as many vortex layers as our
model system. Here, we assume that the average lattice con-
stant is approximately 100 Å in the experimental system. �ii�
The ratio of the outer radius to the inner radius R2 /R1 is the
same in both the experimental and our model systems. �iii�
From Eq. �5�, the yield stress −crc66�R2 /R1−1�2 /2�R2

2 /R1
2

+1� depends only on the ratio R2 /R1. On the other hand,
from Eq. �6�, it is found that the angular velocity at 
=cr , 2crc66/��R1

2+R2
2�, has a system-size dependence.

Therefore, if we make the experimentally observed quanti-
ties dimensionless in the same way as done in Sec. III,
though the dimensionless value of the yield stress can be of
the same order, the corresponding value of the angular ve-
locity will be about 4�10−4 times the value obtained from
our numerical analysis.24

IV. CONCLUDING REMARKS

In this paper we have phenomenologically investigated
the nonlinear current-driven vortex dynamics in the Corbino
disk geometry. Though our phenomenology has been con-
structed as a mean-field-like model, it can successfully repro-
duce the major features of the experimental results by Lopez
et al.4 However, it must be noticed that our model should be
further improved in order to study the present problem in
detail. We make several remarks as follows.

�i� As mentioned above, in real phenomena, the compli-
cated dislocation dynamics should be important. Benetatos
and Marchetti pointed out that the plastic instability is trig-

gered by the shear-induced unbinding of dislocation pairs.9 A
recent molecular dynamics simulation11,12 shows that the cre-
ation of dislocation pairs and their unbinding occur repeat-
edly at the onset of the plasticity. Furthermore, the simula-
tion suggests that the resultant dynamics of grain boundaries
plays a crucial role in plastic phenomena for relatively high
applied currents. They have not been considered in the
present analysis.

�ii� Analyzing the time-dependent Ginzburg-Landau
equation numerically is also informative, because we can
reveal elementary processes of vortex dynamics.

�iii� In vortex systems of type-II superconductors, an
“entangled” state was predicted in a vortex liquid phase,25

and then the liquid flows can be highly nonlocal.26,27 In such
an “entangled” state, some “viscoelastic instabilities” might
be observed, which are ubiquitous in polymeric systems.28

These issues will be discussed in a future work.21
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APPENDIX

In this appendix, we shall simply estimate the width of the
sliding region and the angular velocity within the framework
of the continuum approximation. According to the numerical
results shown in Fig. 4, we can divide the disk space into the
following three regions: region I �R1�r�R3�, region
II �R4�r�R2�, and region III �R3�r�R4�. Though the vor-
tex lattice moves coherently in both regions I and II, the
relative slippage of vortex layers occurs in region III. Here
we set R3 and R4 to be the inner and outer radii of the sliding
region, respectively.

First, we consider the angular velocity in region III. We
numerically verified that the time average of the shear stress
in region III is almost constant. Therefore, we can rewrite
Eq. �3� as

− �r�III +
2�st

r
+

B0I

2� � r
� 0, �A1�

where �st is the constant value of the time-averaged shear
stress ��r�� in the dynamical steady state. Equation �A1�
gives

�III �
2

�r2�st +
B0I

4��
� �R3 � r � R4� . �A2�

Next, we calculate the angular velocities in regions I and
II. By a procedure similar to that used to obtain Eq. �6�, the
angular velocities of the rigid-body rotation in regions I and
II are given by

�I =
B0I

� � ��R1
2 + R3

2�
+

4R3
2�st

��R3
4 − R1

4�
�A3�

and

FIG. 5. ��i,i+1� as functions of . For  below cr, ��1,2�
= ��2,3�= ��3,4�; that is, the vortices rotate coherently. For  above
cr, however, the rigid rotation breaks down.
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�II =
B0I

� � ��R2
2 + R4

2�
+

4R4
2�st

��R4
4 − R2

4�
, �A4�

respectively. Here we make use of the boundary conditions
�r�=0 at r=R1 and R2 and �r�=�st at r=R3 and R4.

Equation �A2� must coincide with Eq. �A3� at r=R3, re-
sulting in

R3 = R1	 1

2�̃st + 
� + 	2 − �2�̃st + �2� , �A5�

where �̃st=�st /c66 and =B0I /2��c66. Similarly, R4 is
given by

R4 = R2	 1

2�̃st + 
� − 	2 − �2�̃st + �2� . �A6�

Equations �A5� and �A6� give the width of sliding region
R4−R3.

In our numerical analysis, ��̃st��0.155 for large , which
is smaller than the absolute value of the yield stress
��0.184�. In Fig. 4, we plot Eqs. �A2�–�A4� with Eqs. �A5�
and �A6� for = 0.625 and 0.875 by dotted lines. They are
very consistent with the numerical results. Note that, how-
ever, there are deviations between the present simple estima-
tion and the numerical results near cr, where region III is so
narrow that Eq. �A2� does not hold well.
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